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1. INTRODUCTION 
Singular perturbation theory consists of the study of differential equations 
of the form 
L(E) u, = fe with boundary or initial conditions B(C) 11, = g, . (1.1) 
L(E) and B(E) are differential operators which depend on a small parameter E. 
The distinguishing feature of (1.1) is that the differential operator L(E), 
when E # 0, is of higher order than that of L(0). 
An extensive bibliography of the literature on singular perturbation 
theory of ordinary and partial differential equations is found in O’Malley [9]. 
In particular, V&k and Lyusternik [12] obtained asymptotic expansions of 
solutions of perturbed problems by boundary layer techniques. Eckhaus 
and De Jaeger [2] used maximum principles to verify that asymptotic expan- 
sions of solutions of perturbed problems are valid for linear elliptic singular 
perturbation problems. By Hilbert space techniques, Huet [5] studied 
linear elliptic and parabolic singular perturbation problems. Ton [ll] 
extended some of the results of Huet to nonlinear elliptic and parabolic 
problems. Greenlee [4] and Friedman [3] proved rate of convergence esti- 
mates for solutions of singular perturbations of linear elliptic and parabolic 
boundary value problems, respectively. 
In this paper, we will study singular perturbation problems of the form 
ELU~ - u, = f with boundary condition u, = +. (1.2) 
L is a quasilinear elliptic second-order differential operator given in divergence 
form. The coefficients of L satisfy “natural growth” conditions of 
Ladyzhenskya and Ural’tseva [7] with some additional algebraic sign condi- 
tions. In particular, we will establish rate of convergence estimates in the 
L2 and the L” norms. 
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Ladyzhenskya and Ural’tseva [6] studied quasilinear elliptic second-order 
equations of the form 
f L Ui(X, 24, Us) + U(X, U, UJ = 0 
isI dxi 
in Q C E”. (1.3) 
The coefficients of (1.3) satisfy what they call “natural growth” conditions 
which are 
g1 I 4x, %P)I I(1 + I P III + I 4% %P)l < PL(I u I)(1 + I P !),, (1.3.1) 
and 
~(I~l)lPl~~~u,(x,u,P)P~, (1.3.2) 
i=l 
where 1 p I2 = ~~4;1p,z. p(t) and v(t) are positive nondecreasing and positive 
nonincreasing functions of t > 0, respectively. 
Using DeGiorgi’s inequality [l], they were able to obtain a priori estimates 
for (1.3). They then employed the Leray-Schauder theorem [8] to prove 
classical existence theorems. 
In this paper, we employ many of the techniques of [7]. There are four 
main points to our proofs. We always assume that the solutions of (1.2) 
can be a priori bounded in the L” norm independent of the parameter Z. 
We use Young’s inequality in the form 
where (l/m) + (l/m’) = 1 an d Q is a power of E. We make use of the algebraic 
sign conditions imposed on L of (1.2). We show that the solutions of (1.2) 
satisfy an inequality stronger than that of DeGiorgi’s. 
We organize the paper in the following manner. In Section 2, we give the 
preliminaries. We state the main theorems in Section 3 and prove them in 
Section 5. In Section 4, we study a heat transfer problem by applying the 
theorems of Section 3. In Section 6, we show how a priori L” norm bounds 
independent of the parameter E may be obtained for solutions of (1.2). 
2. PRELIMINARIES 
Let D be a bounded open connected domain in E*. w = S2 v S, where S 
is the boundary of Q. S will be assumed to be a smooth (a - 1) dimensional 
409/39/I-14 
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manifold throughout this paper. The notation Q’ G Q will denote that Q’ 
is a relatively compact subdomain of Q. w, will stand for the volume of the 
unit n-sphere. 
The Banach space L”(Q), m > 1, will be defined with the norm 
II ull F(R) = [ j, I Mm qm- 
The Sobolev space W,j(Q), for m 3 1, will be defined as the Banach 
space obtained in the norm 
11 u I&+,#, = [ j, (I f.4. lrn + i c I D(“‘u I-) qlh 
k=l (k) 
(2.2) 
of all strong limits of sequences of infinitely differentiable functions in 0. 
We shall use the formula for integration by parts throughout this paper. 
It is given by 
s u,,a dx = - s uvsi dx + s uo(cos (n, xi)) ds, (2.3) Q 12 S 
where n is the outer normal to the boundary S for functions u in W,l(sZ) 
and v in IVAJSZ), where (l/m) + (l/m’) = 1. Although formula (1.3) is not 
valid for all functions u and v in W,1(Q) and We, respectively, it is 
valid for special representatives of elements u and ‘u in II!,‘(Q) and IV~&Q), 
respectively. Furthermore, the assertion that a function U(X) in IVml(Q) 
assumes the value $(s) EL”(S) on the boundary S and that it converges in 
the norm L”(S) will be meaningful. (See [lo] for proofs.) 
L”(Q) will be the set of measurable functions u(x) defined and bounded 
in Q with the norm 
Iul L%a = ‘fr’E”n” I +)I. 
G(Q) will be the set of functions continuous in 0 and having all derivatives 
up to and including j, these being continuous in 0. The norm in this space 
will be given by 
lul C’(Q) = szj 1 D’“‘u(x)l, lkl <j. (2.5) 
Ci+“l(s2) will be the set of functions in C?(Q) whose j-th derivatives are 
Holder continuous in Q with exponent 01, 0 < 01 < 1. The norm in this 
space will be defined by 
I f-4 Icr+or(n) = I u Id(n) + E; l(DWx + 4 - DYx))/l h loI. (2.6) 
x+-ha7 
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3. MAIN THEOREMS 
We will study equations of the form 
--E i A- [a,(x, u, us)] + +(x, u, u&J + @, % %)I + (u -.f) = 0 
is1 dxi (3.0) 
in a bounded domain Q C En, and on the boundary S of Q, u(x, l )]s = 4(s), 
s E S. E is a small positive parameter. The hypotheses on (3.0), which we 
assume throughout this paper, are as follows: 
( gl I 4x, %P>l + I 4, u,P)I 1 (1 + i P I> f I 4% wP)I 
< pL(I u I)(1 + I P I>“. (3.0.1) 
41 u I) IP Irn G f &,%P)Pi. 
i=l 
(3.0.2) 
/ p I2 = CT=, pi2. p(t) and v(t) are strictly positive increasing and non- 
decreasing functions, respectively, of t 3 0. 
a,(~, u,p) E C,(Q x E x E"). (3.0.3) 
v(l u I)(1 + j vu 1)m-a i 5i2 < 2 A%- L& 
i=l i,j=l a%, 
< p(I u \)(I + I vu I)+" i 67 (3.0.4) i-1 
for [ E En. 
u(x, u, p) 3 0 for any values of u and p and x E 9. 
f E Cl(Q). 
4(s) may be extended to all of Sz such that + E C2(Q). 
The boundary of Q is a C2 manifold. 
(3.0.5) 
(3.0.6) 
(3.0.7) 
(3.0.8) 
Hypotheses (3.0.1) and (3.0.2) are just the “natural growth” conditions. 
Hypothesis (3.0.4) implies that (3.0) is uniformly elliptic. Hypothesis (3.0.5) 
is one of the algebraic sign conditions that we impose. 
There is one final hypothesis, which we make. We assume that the solu- 
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tions u(x, E) of the equations studied can be a priori bounded in L” norm 
independent of 4. That is, 
I 4? 4lp(Q) d MT M independent of E. (3.0.9) 
THEOREM 3.1. Let u(x, c) be a W,l(Q) n L”(Q) solution of 
* d 
-E C - (a&, f4 ~1) + b( 
isl dxi 
6 x,u,U,)+(~-f)=O (3.1.0) 
in .Q C E”. 
Suppose hypotheses (3.0.1), (3.0.2), (3.0.6) and (3.0.9) hold. Then 11(x, E) 
satisfies the inequality 
/ 24(x, c) -f(x)lp(*,) < Clp;~‘%l’(2m(n+l’), (3.1.1) 
where Q’ C Sz and p1 = dist (Q’, S). C, is a positive constant depending only 
on M, P(M), +W, m, n, ad If I cw . 
THEOREM 3.2. Let u(x, c) be a W,l(Q) n L”(Q) solution of 
IL d 
--6 C - (a&, u, u,>) + 44 
is1 dxi 
x, u, u,)u + b(x, u, uz)] + u = 0 (3.2.0) 
in Q C E”. 
Suppose hypotheses (3.0.1), (3.0.2) (3.04, (3.0.6) and (3.0.9) hold. Then 
u(x, E) satisjes the inequality 
I 4% 4LQ,) < c 2Pl --m/2&(2m(n+l)) , (3.2.1) 
where 9’ C Sz and pr = dist (KY, S). C, is a positive constant depending only 
on M, p(M), v(M), m, and n. 
Theorems 3.1 and 3.2 give interior L” estimates on the rate of convergence 
of the perturbed solution (when E # 0) to the solution of the degenerate 
problem (when G = 0). The dependence of estimates (3.1.1) and (3.2.1) on 
p;m/2 implies that boundary-layer phenomena occurs. 
THEOREM 3.3. Let u(x, c) be a W,l(Q) r\ L”(Q) solution of 
-•E f  4 (a&, 24, u,)) + E+, UP u,) + (u - f) = 0 
isl dx, 
(3.3.0) 
in 52 C E” and U(X, c)]s = 4(s), s E s. 
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Suppose hypotheses (3.0.1) (3.0.2), (3.0.6), (3.0.8) and (3.0.9) hold. Then 
u(x, c) satisfies the inequality 
II 4x, c) -f(4iLa(,, < c3E1’2nz. (3.3.1) 
C, is a positive constant depending onb on M, p(M), v(M), m, n, 1 f /CI(,~) , 
I+ lcl(o) , diam Q, and the boundary S. 
THEOREM 3.4. Let u(x, e) be a Wz2(Q) n Wm1(s2) n L”(Q) solution of 
+ 6(x, u, u,)] 4 u = 0 (3.4.0) 
in Q C En, and u(x, <)is = b(s), s E S. 
Suppose hypotheses (3.0.1)-(3.0.5) and (3.0.7)-(3.0.9) hold. Then the solution 
u(x, l ) satisfies the in-quality 
II 4x, 41rzcn, < c4c1’2q’1. (3.4.1) 
C, is a positive constant depending only on M, p(M), v(M), m, n, I+ jc~(n) , 
diam Q, and the boundary S. 
Theorems 3.3 and 3.4 give global L2 estimates on the rate of convergence 
of the perturbed solution to the solution of the degenerate problem. 
4. A HEAT-TRANSFER PROBLEM 
A lamina is placed on a perfect insulator. The boundary S of the lamina 
is heated to a given temperature. Above the lamina is a fluid which obeys 
Newton’s law of cooling. That is, the fluid conducts heat away from the 
lamina linearly. The steady-state heat distribution is given by the equation 
-V.(KVu)+mu=O inQCEE”, u!,=+(s), SES. (4.1) 
m and K are the thermal conductivity constants of the fluid and the lamina 
respectively. U(X) is the temperature at the point x E 5;). 
Suppose that the temperature on the boundary S is sufficiently high so 
that Newton’s law of cooling breaks down. For example, let the fluid be 
water. The water adjacent to the lamina is heated to the boiling point. 
Bubbles of air may form at the interface between the lamina and the water. 
The air bubbles may act as partial insulators. In this case, the water will 
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conduct heat away from the lamina in a different fashion. For example the 
function 
mu/(1 + u”) 
provides a cooling law for which less heat is conducted away from the lamina 
for increasingly high temperatures. Then the equation describing this 
situation will be given by 
-KV2u + rrzu/(l + u2) = 0 in 52 C E2 and u Is = 4(s), s E S. (4.2) 
(4.2) may be written in the following form 
-•E il -& ((1 + u”) %J + 2EU I vu I2 + u = 0 (4.3) 
in Q C E2, and U(X, l )ls = 4(s), s E S. 
E is the constant K/m. 
If we assume that+ and S satisfy hypotheses (3.0.7) and (3.0.9 respectively, 
then (4.3) satisfies the hypotheses of Theorem 6.5 of Section 6. It follows 
from Theorem 6.5 that a C2+“(Q) solution of (4.3) exists and that it satisfies 
inequalities (3.2.1) and (3.4.1) of Section 3. 
In particular we have 
nly 1 24(x, c)I < c2p;w2 for Q’ C Sz 
and 
II 4% 41p(n, < cp4. 
p1 = dist (Q’, S). 
(4.4) 
(4.5) 
Now if we want to study the temperature distribution in the lamina for 
small E, we can use inequalities (4.4) and (4.5). By (4.5), we infer that little 
heat is conducted in the interior of the lamina for small E. Also, the tempera- 
ture distribution within the lamina resembles that of a boundary layer. 
5. PROOFS OF MAIN THEOREMS 
Theorems 3.1 and 3.2 will follow immediately as corollaries to the 
following theorem: 
THEOREM 5.1. Let KP,4 be an arbitrary sphere with radius p/4 and center 
in .Q such that the larger concentric sphere K, is contained in Q. 
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Part 1. Let u(x, c) be a W,l(Q) n L”(Q) solution of (3.1.0) where 
hypotheses (3.0.1), (3.0.2), (3.0.6), and (3.0.9) hold. Then u(x, c) satisfies the 
inequality 
Part 2. Let u(x, 6) be a W,l(sZ) nL”(Q) solution of (3.2.0), where 
hypotheses (3.0.1), (3.0.2), (3.0.5) (3.0.6) and (3.0.9) hold. Then u(x, c) satis$es 
the inequality 
I u(x, ‘)lL”(Kp,a) sg C2p-nli2Eli(2m(ni’)). (5.1.2) 
C, and C, are the same constants as given by inequalities (3.1 .I) and 
respectively. 
(3.1.2). 
In first proving Theorem 5.1, interior L2 estimates must be proven 
PROPOSITION 5.2. Let K, be as in Theorem 5. I, and Kp:2 be the sphere of 
radius p/2 conrentric with K, . 
Part 1. Let u(x, c) be as in Theorem 5.1, Part 1. Then u(x, 6) satisfies 
the inequality 
I K,,z 1 u -f I2 dx < C$jmp”(l +- P+‘). (5.2.1’) 
Part 2. Let u(x, E) be as in Theorem 5.1, Part 2. Then u(x, 6) satisfies 
the inequality 
s 
/ u j2 dx < Cs&+~(l - P.-I”). (5.2.2’) K 
D,2 
C, and C, depend only on the same quantities as C, and C, , respectively. 
Proof of Proposition 5.2, Part 1. Let 5 be a smooth function such that 
WK,,, = 1, E(X)lQ\K, = 0, 0 < t(x) < 1, and maxzeR j 05 / < 2/p. We 
multiply (3.1.0) by eAUtm and integrate over Q. By following a similar proce- 
dure as that in [7, pp. 247-2481, we obtain 
j, 1 Vu ]llL Em dx < C7pn [p-“’ -:- +I. 
We now multiply (3.1.0) by (U - f) p and integrate over Q. Integrating 
by parts, we obtain 
SC n (HQU,J~ + EU~(-~~J 5" + ai(u -f) E,, mP-l) dx R is1 
+ j, (Eb(u -f) TV) dx + j (u - f)” 5” dx = 0. 
R 
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By hypothesis (3.0.2), CyE, a+ > 0. Therefore, 
J‘ (u - fY E” dx R 
<c j, [c (aifi,tm + mi(f - 4 5‘“~%,) + b(f - u) P] dx. (5.2.2) 
By taking absolute values on the right-hand side of (5.2.2) and noting 
that ftz cl(Q) and 1 u lLm(n) < M, we have 
I / -fYP 
<NM+ lfl C’tRJ E 1, [x I ai I 5” + & I ai I I Cc6 I P-l + I b I P] dx. 
By hypothesis (3.0. l), 
zl I % I + I b I G P(W1 + I vu lP1* 
Now by Young’s inequality, we have 
(1 + I vu lP1 I vt I P--l < Eyyl + 1 vu I)” 5” + (El)-” 1 08 p 
and 
(1 + I vu I)+1 < c;nlm-I(1 + ] vu I)” + (Q-“. 
Therefore, 
s, (u - f)” E” < 44 + If lc’cn,) P(M) [+“+l In (1 + I Vu I>” P] dx 
+ q s, [P + I Vt PI dx. 
From (5.2.1), it follows that 
s 
(1 + I vu I)” E” < C*p%--l(l + p-“). 
R 
Therefore, 
s R (u - f)” 5”’ dx < MM + If I~I& ttW)k;“‘“-‘C,PP + P-“I 
+ +%J,pn + Ee;%,2~pn-q. 
Choosing l 1 = l -l)@ yields inequality (5.2.1’). 
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Proof of Proposition 5.2., Part 2. We multiply (3.2.0) as before by elUem 
and proceed as in the proof of Part 1 to obtain a similar inequality to (5.2.1), 
Now we multiply (3.2.0) by ~5”’ and integrate over L’ to obtain 
As before, Cr=, a,u,, > 0. By hypothesis (3.0.9, a(x, u, u,) > 0. Therefore, I 
j 
u2tm dx < --E m i ai[a,[m-1 + but” dx. 
R i=l 1 
Proceeding as in Part 1, we obtain inequality (5.2.2’). 
We define the following sets: 
Az,,-oI, = (x ( XEK”-,p; u(x) -g(x) -y > 0). 
BLoo = {x / x E K,-,,; -(44 - g(x) - r> > 01. 
y is any positive constant. K, is as in Theorem 5.1. u E (0, 1). K,-,, is the 
sphere concentric to K, of radius p - up. 
In the following lemma, we shall prove that the solutions to the equations 
considered here will satisfy an inequality stronger than that of DeGiorgi’s. 
LEMMA 5.3. 
Part 1. Let u(x, 6) be as in Theorem 5.1, Part 1. Then for all y  > 0, the 
following inequalities hold: 
s 
%-0, 
I Vu(x, C)P dx < C, [ ll(upY z~: (u - f - r>* + 11 mes A!,,o . 
P 
(5.3.1) 
1 - Bf I Vu(x, e>l” dx < Co [ l/(~~)~ ,;F (--(u -f) - 14” + 11 mes B$,p. y*g-,,, YIP 
(5.3.1’) 
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Part 2. Let u(x, e) be as in Theorem 5.1, Part 2. Then,for all y  > 0, the 
following inequalities hold: 
s Bo I Vu@, l )I” dx < Cl, [l/(q)” ,y (-u - YP + 11 mes @,O .Y’p--00 7.P (5.3.2’) 
C, and C,, depend only on the quantities that determine C, and C, , respectively. 
Proof of Lemma 5.3, Part 1. Let 6 be a smooth function such that 
E IKp-oo = 1, 5 IoiKP = 0, 0 < 5(x) G 1, and max,,o I Vf I < 2/v. 
Let 7 = max{u -f - y, 0} Em. We multiply (3.1.0) by n and integrate 
over 52. Since n z 0 for x such that U(X) -f(x) - y < 0, it follows that 
+<b(u-f-y)Sm+(u-f)(u-f-y)[jdx=O. 
Now for x E A:,p , 
(U(X) -f(x) - Y)W) - f(x)) > 0. 
Therefore it follows that 
E j [i w,Jm] dx < f j,, [ f  a,f&m - (u -f - y) m?-1 jJ ai&, 
$,, i=l 
YlP i=l 
i=l 
-b(u-f-y)P]dx. 
Dividing both sides of the last inequality by c and using (3.0.1), (3.0.2), 
and (3.0.6), we can show that 
VW) j I Vu P 6" dx < G&W jAf [(l + I Vu IF P 
A:,p Y,P 
+ (u -f - y)(l + I Vu IF P-l I Vf II dx. 
By Young’s inequality, 
(1 + / vu I)“-1 < CrsEr I vu r + CI& + c:-” 
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and 
(24 - f  - y) / V[ j (1 + / VU I)mm-l trnel < El(l + 1 VU 1)” p 
+ E:-“(u -f - y)” / vg Irn .
Therefore, we can show that 
v(M) j I Vu jnb 5” dx < C&(M) E~(C~~ + Cl,) j j Vu lm 5”’ dx 
A:,” A’ Y.0 
t J [C16(e1 + cf-“) 5”’ + E:-“(u -f - Y)~ / V[ I’“] dx. 
4, 0 
Choosing pi = Y(M)/(~C~~~(M)(C~~ + Ci4)), we can show by suitable 
manipulations that 
j  
j Vu Jm 5”” dx < Cl, j [[” + (u -f - y)” / V,$ I”“] dx. 
Af Y,D A:,,, 
By using the properties of 5, we obtain inequality (5.3.1). 
Substituting for 7 the function max{-(u -f) - y, 0} (5”, we may obtain, 
by similar argument as before, inequality (5.3.1’). 
Proof of Lemma 5.3, Part 2. To obtain inequality (5.3.2), we multiply 
(3.2.0) by 71 = max{u - y, O> .$““, where 4 is as before. Integrating over D 
yields 
dx + E j 
A!, 
[muF 5 a& + b(u - y) (“1 dx 
i=l 
P 
+i 
[EUU(U - y) Em + u(u - y) (“1 dx = 0. 
A?,,, 
Now for x E At,, , au(u - r) and u(u - y) > 0. We then have 
Proceeding as in Part 1, we obtain (5.3.2). 
Similarly,we obtain (5.3.2’) by multiplying (3.2.0) by 7 = max{- u - y, O}f”. 
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PROPOSITION 5.4. 
Part 1. Let u(x, l ) and K, be as in Theorem 5.1, Part I. Then for any 
y > 0 and 6 > 0, the inequality 
implies 
provided 
(5.4.1) 
(5.4.2) 
(5.4.3) 
Also 
implies 
provided 
(5.4.1’) 
(5.4.2’) 
(5.4.3’) 
C,, is a positive constant depending only on C, , m, n, and 1 f Ion . 
Part 2. Let u(x, E) and K, be as in Theorem 5.1, Part 2. Then the 
results of Part 1 hold with f = 0 and in place of C,, , we substitute C,,, where 
C,, depends only on C,, , m, and n. 
Proof of Proposition 5.4, Part 1. The proof is obtained in a similar manner 
as that of Lemma 6.1 in [7, pp. 83-851. In their proof, they utilize DeGiorgi’s 
inequality. From inequality (5.3.1) which is a stronger form of DeGiorgi’s 
inequality, we notice that the constant C, does not depend on the parameter E 
and that the choice of y  in that inequality is arbitrary. Following their 
proof, we will obtain the constant C&E 2n8 of (5.4.1). We substitute (5.3.1’) 
in place of (5.3.1) to obtain again the constant CIP~ZnB of (5.4.1’). 
Proof of Proposition 5.4, Part 2. The proof is the same as that of Part 1, 
except that we substitute inequalities (5.3.2) and (5.32’) in place of (5.3.1) 
and (5.3.1’) in Part 1 respectively to obtain C2,,~2nS. 
PROPOSITION 5.5. 
Part I. Let u(x, c) and K, be as in Theorem 5.1, Part 1. Then for 
y  = C,( 1 + p-“) cyy and 6 = +m(n + l), 
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the following inequalities hold: 
mes AfYEe 
‘P/f 
< CISE Z”sp n (5.5.1) 
and 
mes Bc,s 
‘P/Z 
< C19E2nspn. (5.5.2) 
Part 2. Let u(x, E) and K, be as in Theorem 5.1, Part 2. Substitute in 
place of y of Part 1 the quantity [C,(l + p-“) C$12]. Further, substitute 
C20~2n6pn in inequalities (5.5.1) and (5.5.2) for CI,~2n8pn. 
Proof of Proposition 5.5, Part 1. By inequality (5.2.1’), we have 
Now, 
s Kp,z 1 u -f I2 dx < C&‘“p”(l + p-““). 
GTP~(~ + P-V 3 j,,, I u -f !2 dx 
-s - iu-f12dx+ * J u-f j2dx Kp,a\*t;“, p/e Ayf6, P/Z 
> 1 Af 6 I U - f  I2 dx > (y2c2’) mes A!Es,,,l. 
yf ‘P/Z 
Therefore, 
The proof of inequality (5.5.2) may be obtained by replacing the term 
A;$ 
‘P/l 
with the quantity B&Y ,p,2 and proceeding as in the proof of (5.5.1). 
Proof of Theorem 3.1, Part 1. By the previous proposition, we may choose 
y  and 6 such that mes A$ 
‘PI2 
< C,,?‘8p” and mes B$ < Clsczn8pn. Let 
H=max zEKp,a {u - f  - ~8). I f  H < 8p, then maxzEKpYplr tl-- f  - y@} < 8~. 
Therefore, rnaxSEK p,t {u -f > G (Y + PI 8. If  H >, cap, then by Proposi- 
tion 5.5, Part 1, mes A[,,+E1,2jE6 = 0. Then 
‘p/r 
ey;4 iu - f) < (Y + HP) 8 < [Y + (M + ; f  1 C~tRJ] 8 < Clp-” 12c6. 
P 
Therefore, maxzEKp14 {u - f  } < CIp-mi28. 
. . 
Slmdarly, we may show that maxrEKp14 (-(u -f )} < CIp-m/2~6. Therefore 
maxmEK;,r / u - f  1 < Clp-“W. 
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Proof of Theorem 3.1, Part 2. This proof is similar to that of Part 1. 
In order to prove Theorem 3.3 we will use the following theorem. 
THEOREM 5.6. Let K, be a sphere of radius p with center on S. Let u(x, 6) 
be a Wml(Q) f~ L”(O) solution of (3.3.0). Let hypotheses (3.0.1), (3.0.2), (3.0.6), 
and (3.0.9) hold. Then u(x, E) satisfies the inequality 
(5.6.1) 
where C,, depends only on M, p(M), v(M), m, n, and 1 f Icqn) . 
Proof of Theorem 5.6. Let 5 be a smooth function such that 
5(X) I@ns)nfc,,, s 17 5‘(X) IQ\K,, z 03 
max,., 1 06 I < 2/p and 0 < f(x) < 1. We multiply Eq. (3.3.0) by 
(ehlu-@i - l)(sgn u) 5” and integrate over Sz. By a proof similar to that of 
Proposition 5.2, Part 1, we obtain the inequality 
s j Vu Im 5” dx < C&/E. (5.6.1) 
Let h(x, c) be a smooth function such that 
44 I - K,nS = 17 i 1 h I dx < C&@, 
(5.6.2) 
lhl <I, and s 
j Vh lllz dx < C,, . 
K,nn 
Multiplying Eq. (3.3.0) by (u -f - (4 -f) h) trn and integrating the 
product over Sz, we may obtain inequality (5.6.1) by a proof similar to that 
in proving (5.2.1’). 
Proof of Theorem 3.3. a and S are compact. Therefore, there is a finite 
number of spheres KA(sJ and KA(tj) for some h > 0 such that si E S, 
K,(tJ C Sz, and the union of the spheres K&Q) and KhlB(ti) cover a. With 
the use of (5.2.1’) and (5.6.1) we can obtain the desired inequality. 
To prove Theorem 3.4, we need the following theorem. 
THEOREM 5.7. Let K, be any sphere with radius p with center on S. Let 
u(x, 6) be a W,2(9) n W,l(Q) n L”(Q) sokion of (3.4.0). Let hypotheses 
(3.0.1)-(3.0.5), and (3.0.7)-(3.0.9) hold. Then the following inequality holds: 
II u II Le(QnKp,a) < c2pm. 
C,, will depend only on p, M, ,LL(M), v(M), m, n, and I+ ICI(~) . 
SINGULAR PERTURBATION BVP 223 
Proof of Theorem 5.7. Let t(x) b e as in the proof of Theorem 5.6. 
Multiplying Eq. (3.4.0) by (e 1 A’~-41 - l)(sgn u) trn and integrating over J2, 
we obtain by a proof similar to that of Proposition 3.2, Part 2, the inequality 
(5.7.2) 
By a method similar to that of [7] in proving a priori W~,+a(Q) estimates, 
we can obtain the inequality 
I’ 1 Vu jm+2 5” dx < C2,k2. (5.7.3) P 
Hypotheses (3.0.3) and (3.0.4) and the hypothesis that u(x, l ) belongs also 
to W22(Q) are needed to obtain inequality (5.7.3). 
Let h(x, l ) be a smooth function satisfying conditions (5.6.2) and 
I’ 
j h /lm+2)/2 dx < C28E(m2-~n+2)/2nzs (5.7.4) 
QC-IK, 
Multiplying Eq. (3.0.4) by (ZA - +h)“E and integrating over a, we obtain 
(5.7.2) in a manner similar to that of obtaining (5.22’). Inequalities (5.7.3) 
and (5.7.4) are needed to estimate one of the terms. 
Proof of Theorem 3.4. By using inequalities (5.2.2’) and (5.7.1) we can 
prove inequality (5.4.1) in the same manner as the proof of Theorem 3.3. 
6. EXISTENCE THEOREMS AND A Priori ESTIMATES 
In this section we will state some existence theorems for some of the 
equations considered in this paper. Furthermore, for these equations, we 
will show that hypothesis (3.0.9) holds. 
Leray and Schauder [5] studied the question of classical solvability of 
some nonlinear elliptic partial differential equations. They reduced it to 
proving a priori estimates for all possible solutions of the problem. In [6, 71, 
Ladyzhenskya and Ural’tseva proved a priori estimates for quasilinear 
elliptic equations given in divergence form. 
The equations which we study are of the form 
--E f A- (4(x, u> 4 + [ ( 
i=l dxi 
Ea x, u, u,)u + b(x, u, u,)] + (u -f) = 0, 
4x, c) Is = d(S)> s E s. 
(6.1) 
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Let hypotheses (3.0.1)-(3.0.8) hold. We make the following additional 
hypotheses on (6.1) to hold: 
4x, u, u,) E C,+,(Q x E x E”), (6.1.1) 
q(x, u, u,) ZJ + b(x, u, u,) E G+,(Q x E x E”). (6.1.2) 
Then we rewrite (6.1) in the following form 
where 
The following theorems are proven by maximum principles. See [6, p. 781. 
THEOREM 6.3. Let U(X, E) be a C2(f2) solution of (6.2). If 
THEOREM 6.4. Let U(X, .c) be a C2(Q) solution of (6.2). If 
A@, u, 0) u(x) < 0 for I u I > M = maxi?2 I WI, yEy If(x 
(6.4.1) 
then max,,o I 4% 41 < M. 
C2+“(Q) existence theorems for (6.1) and (6.2) are proved in [6] and [7]. 
So if (6.1) and (6.2) satisfy hypotheses (6.3.1) and/or (6.4.1); then the C2+“(Q) 
solutions satisfy hypothesis (3.0.9). We have the following theorems. 
THEOREM 6.5. Consider the equation 
n d 
--E c - (a,(+% % us)> + ( ( 
i=l dxi 
E a x, u, u& + b(x, u, u,)) + 21 = 0, 
4% 4 Is = 9(s), s E s. (6.5) 
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Assume hypotheses (3.0.1)-(3.0.9, (3.0.7)-(3.0.8), and (6.1.1)-(6.1.2) hold. 
Then ;f 
A(x, u, u,) = -(a(x, u, u,)u + b( 
i3a, 
x, u, uz)) + f  ($ t - 
i=l 3Xi 1 
satisJies either (6.3.1) or (6.3.2), a C”+“(Q) solution to (6.5) exists and satis$es 
inequalities (3.2.1) and (3.4.1) of Section 3. 
THEOREM 6.6. Consider the equation 
u, Kc) + (u -f> = 0, 
s E s. (6.6) 
Let hypotheses (3.0.1)-(3.0.2), (3.0.4)-(3.0.8), (6.1 .l), and (6.1.2) hold. Then if 
A = --b(x, u, u,) + i (2 + 2, 
i=l 
satisfies either (6.3.1) or (6.4.1), a C2+d(Q) solution to (6.6) exists which satisfies 
inequalities (3.1.1) and (3.3.1) of Section 3. 
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